It is shown that symplectic and orthogonal Schur functions can be realized by the action of the modes of certain vertex operators on the function 1. The properties of these vertex operators allow one to reproduce the basic propreties of these types of symmetric functions. The vertex operator modes are shown to obey free fermionic relations which provides applications such as calculating products and plethysms as well as generating Hirota-type P.D.E.'s which have symplectic S-functions as functions.
Introduction
In this article, we endeavour to construct a vertex operator (VO) realization of symplectic and orthogonal S-functions. This has been motivated by two things: analogous vertex operator realizations of other types of symmetric functions, namely normal S-functions 1], Q-functions 2, 3] , Hall-Littlewood functions 4] and Macdonald functions 5, 6, 7, 8] and their application to investigating properties of these functions; and the application of vertex operators in the realizations and representations of (quantum) a ne algebras 9, 10, 11, 12, 13, 14, 15, 16] . For S-functions (respectively Q-functions), it is the fact that their VO realization is intimately connected (via the boson-fermion correspondence 17]) to the algebra of free fermions (respectively neutral free fermions) that provides a conduit to applications such as explaining the generation of certain hierarchies of non-linear P.D.E.'s (see 1, 18] and references therein), and the derivation of determinantal identities for Sand Q-functions 3, 19] . For generic Macdonald functions and their various specializations (including Hall-Littlewood functions), the modes of their relevant vertex operators don't enjoy such pleasant properties and hence the above-mentioned applications are harder (if not impossible) to pursue. However, when it comes to symplectic and orthogonal S-functions, we shall see that the appropriate vertex operators do indeed yield a simple algebraic structure (like S-functions) and hence can be exploited in various applications. This has indeed been previously postulated in a recent article 20] .
We begin by establishing notation and reviewing the de nitions and basic properties of symplectic and orthogonal Schur functions, including their main determinantal representations, and representations in terms of raising and lowering operators. We then brie y summarize the standard boson-fermion correspondence, emphasizing the fact that ordinary Schur functions can be generated in two equivalent (but distinct) ways, via free fermionic expectation values using Wick's theorem, and also via the action of vertex operator modes on the \bosonic" vacuum 1. Turning our attention back to symplectic and orthogonal Sfunctions, we show how these can be generated by the action of certain modi ed vertex operators acting on 1, and discover that the modes of these vertex operators also obey the anti-commutation relations of free fermions. This allows these types of functions to be realized as fermionic expectation values in two di erent ways: one involving a modi ed Hamiltonian, and one involving a modi ed dual vacuum. It is this latter perspective that allows one to generate a hierarchy of Hirota equations which have symplectic S-functions as functions. We also include applications to calculating products and (outer) plethysms of symplectic (or orthogonal) S-functions.
Symplectic and Orthogonal S-functions
There are several several equivalent de nitions of symplectic and orthogonal S-functions. We shall de ne them here as the skew of ordinary S-functions s by certain series of S- There are also Giambelli formulae (see 26] and references therein) taking the form
(1.7) In fact, the above determinantal expansions are but the simplest cases of more general expansions in terms of strip decompositions of partitions 27, 20] . From the determinantal expression (1.6), one part symplectic S-functions have the following expansion in terms of normal S-functions, There is a Fock representation F of this algebra with a vacuum j0i which satis es i j0i = 0 (i < 0); i j0i = 0 (i 0); h0j i = 0 (i 0); h0j i = 0 (i < 0):
The following states are gl (1) Using products of free fermions, we can de ne generators H n = P i2Z Z i i+n n 6 = 0, which we get exactly the same factors that appear in (1.15). So we can produce S-functions either by considering the action of the modes X n , X n on 1, or by computing the expectation value of free fermions i , j with a time-evolution like Hamiltonian exp(H(x)). The normal ordering of the vertex operators X(z) and X (z) generates the same factors as the \corre-lation function" (1.23). The rationale for explaining the above in great detail, is that we shall generate, for example, the symplectic S-functions as the action of the modes of certain vertex operators ?(z) , ? (z) on 1. We will then show that you can also consider this as either a) the expectation of free fermions with a \modi ed" Hamiltonian exp(H A (x)) or b) the expectation of free fermions with the ordinary Hamiltonian exp(H(x)), but with a \modi ed" bra vacuum h0j 0 . It is this latter viewpoint which will allow a bilinear identity to be generated, and hence a hierarchy of Hirota equations. 
VO Realization of Symplectic and Orthogonal S-functions
So, in terms of the modes X n , the symplectic functions take the form (ignoring the momentum factor e ipq for the moment) 
Let us seek to achieve the same expression as this one by applying the modes of some Now we know that the modes X i , X j obey free fermionic anti-commutation relations. What about the modes ? i and ? j ? It turns out that they also obey free fermionic relations. ? n = n ? n+2 ;
From now on, we restrict our attention to the symplectic case, as the orthogonal case can be treated in an identical fashion. 
Approach 2: Modi ed Vacuum
The second approach is to leave the Hamiltonian alone and consider some sort of modi ed fermionic vacuum, in the sense that some of the equations in (1.17) are no longer valid.
S-function case
First, we shall discuss how the fermionic inner product and \modal" (S-function) inner product are related. Given states of the form aj0i, bj0i where a; b 2 A, the inner product of these states is just given by (aj0i ; bj0i) = h0ja bj0i Turning to the modes, de ne an operator 1 (the dual vacuum) so that its action on the function 1 is just 1 : This inner product thus reproduces the standard S-function inner product under which (s ; s ) = . We shall return to this later. Now let us clarify the relationship between the fermionic vacuum j0i and the gl(1) highest weight states jpi and their modal counterparts 1 and e ipq for the normal BFC. Recall the de nition (1.18) of the kets jpi. By replacing the i 's in the above de nitions with X i 's, and j0i with 1, one recovers the \state" e ipq :1. which can be seen by setting = 0 in (1.12) and (1.13) for the cases p > 0, and p < 0 respectively. Also, from the de nition (1.19) of the bras hpj, the replacement of the i 's with X i 's here (along with replacing h0j with 1 ) yields the dual \states" 1 :e ?ipq . To see this, take p > 0, so that Here, we're using the property that the dual vacuum 1 is killed by power sums p n (x), just as the vacuum 1 is killed by @=@p n (x). We've seen how the states hpj and jpi are formed in the \modal" language. Let's now see how the modal vacua 1 and 1 are annihilated by the modes X j , X j . Indeed, we have the equivalent of (1.17) of the form X j : 1 = 0 (j < 0); X j : 1 = 0 (j 0); 1 : X j = 0 (j 0); 1 : X j = 0 (j < 0):
To see this, we have for example When we turn to the symplectic case, we will see that (4.2) no longer holds, and this is why it looks like the vacuum is \modi ed". Let's now turn back to the free fermions i , i , and the bra and kets h0j, j0i and see how the above \modal" formalism can be translated back into the language of free fermions.
The fundamental di erence we need in the symplectic case, is to replace the bra h0j with a new bra h0j 0 so that instead of (1.17), we only have i j0i = 0 (i < 0); i j0i = 0 (i 0) There are, however, some special conditions on h0j 0 (or equivalently 1 ) so that instead of h i j i = ij , j 0 we have (c.f. and so on.
Applications
As an application of the above vertex operator construction of the symplectic and orthogonal S-functions, we shall show how multiplication and plethysms of these types of symmetric functions can be calculated in the spirit of refs 31, 32] . We provide details for the symplectic case only, the orthogonal case being almost identical.
Multiplication
Multiplication of symplectic and orthogonal S-functions can be carried out using the Newell- 
Plethysms
Another application of the above vertex operator construction is to calculating (outer)
plethysms of symplectic and orthogonal S-functions. By the plethysm f g of two symmetric functions f, g 2 , we mean express g in terms of power sums and then make the substitution p j (x) ! f(x j ). The mapping j : f(x) ! f(x j ) is normally called the Adam's operation. Much work has been done on the calculation of plethysms for S-functions(see 28] and references therein), and to a lesser extent for symplectic and orthogonal S-functions 33, 35] . Explicit formulae for the action of the Adam's operator j on symplectic and orthogonal S-functionshave been developed, in terms of the action of j on normal S-functions. Here, we propose another method for calculating this action, by proceeding in the same vein as 32].
We now examine the details for the case of calculating sp (x 2 ). Begin by letting ? (2) (z) denote the operator ?(z) given in (2.5) with x ! x 2 , z ! z 2 . The modes ? (2) i generate the function sp (x 2 ) in an analogous manner to (2.7). Note that we can write this as ? (2) However, if we expand?(z) = P n2Z Z? n z 2n?1 , then? n = P This procedure can be generalized in exactly the same way as was done in 32] to enable one to calculate sp (x r ) for general and r.
Hirota polynomials
As a nal application, we shall construct a generating function for certain Hirota polynomials, which have symplectic S-functions as tau functions. We do this by mimicking the standard construction of the KP hierarchy as the orbit of j0i (or equivalently 1 in the modal language) under the group associated with gl(1), the only di erence being that we use the modi ed bras jpi 0 instead of the usual ones.
We begin by noting that equations (1. (5.3) To see this, just do the corresponding modal calculation using the result (4.6). The identities (5.3) permit one to derive the bilinear identity for the hierarchy in the usual way, which we now do. It's important to note that since we are using standard free fermions and the standard kets jpi, the crucial rst step remains unchanged in that the following equation is still valid:
We then apply e H(x) e H( x) and take the inner product with hp + 1j 0 hp ? 1j 0 , getting do indeed satisfy (5.7). In addition, one can see that the Schur polynomials, S (21) and S (1 3 ) are not solutions of (5.7).
Similarly, if you seek order 4 polynomial solutions, then taking the next terms in (5.6) gives 240D 
Conclusions
We have constructed a realization of symplectic and orthogonal Schur functions in terms of certain vertex operators, the modes of which obey free fermionic relations. As a result, we have been able to develop procedures for carrying out multiplication and plethysms of these types of symmetric functions in terms of functions labelled by non-standard partitions. In addition, we have constructed a set of in nite order Hirota equations which admit symplectic Schur polynomials as tau functions. It is not clear however, as to whether this is no more than a formal construct, of any intrinsic value or meaning for that matter. Indeed, the relationship between the hierarchy generated by (5.5) and the normal KP hierarchies is unclear to the author. As it was generated from the orbit of the vacuum j0i
under the group associated with gl(1) and not sp(1), it doesn't seem to have anything to do with the CKP hierarchy. We can only assume that it is obtainable through some non-trivial transformation of the normal KP hierarchy.
